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We study a class of generalized Abelian gauge field theories where CPT symmetry is vio- 
lated by a Chern-Simons-like term which selects a preferred direction in spacetime. Such 
Chern-Simons-like terms may either emerge as part of the low-energy effective action of a 
more fundamental theory or be produced by chiral anomalies over a nonsimply connected 

P-i! 

spacetime manifold. Specifically, we investigate the issues of unitarity and causality. We 



find that the behaviour of these gauge field theories depends on whether the preferred di- 
rection is spacelike or timelike. For a purely spacelike preferred direction, a well-behaved 
Feynman propagator exists and microcausality holds, which indicates the possibility of 
a consistent quantization of the theory. For timelike preferred directions, unitarity or 
causality is violated and a consistent quantization does not seem to be possible. 
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1 Introduction 



Lorentz and CPT invariance are two of the cornerstones of modern quantum field theory. 
Both invariances are respected by the Standard Model of known elementary particles 
(quarks and leptons) and their interactions. Possible signals of Lorentz and CPT violation 
could, therefore, be indicative of new physics, e.g. quantum gravity Jl|, |2j or superstrings 
0|. But even within local quantum field theory an anomalous breaking of Lorentz and 
CPT symmetry might occur, at least for a nontrivial global spacetime structure @, [f| . 

Consequently, a considerable amount of attention has been devoted over the last 
years to the possible occurrence of Lorentz and CPT noninvariance. Phenomenological 
consequences of breaking Lorentz and CPT symmetry in electromagnetism were studied 
in Ref. 0. It was shown that the symmetry breaking would result in, for example, optical 
activity (birefringence) of the vacuum, that is, a direction-dependent rotation of the linear 
polarization of an electromagnetic plane wave. Reference J7|, in turn, investigated CPT- 
and Lorentz-noninvariant extensions of the Standard Model (interpreted as low-energy 
limits of more fundamental theories). Furthermore, there have been extensive discussions 
in the literature on the possibility of CPT- and Lorentz-symmetry breaking in the gauge 
field sector induced by radiative corrections of an explicitly symmetry-breaking matter 
sector, see Refs. an d references therein. 

At this point, the question arises whether or not a quantum field theory with Lorentz- 
and CPT- violating terms can be consistent at all, cf. Refs. (|TT]-[|T3J. Also, in each of the 



papers quoted in the previous paragraph, the CPT- and Lorentz-noninvariant terms in 



the gauge field sector were of the Chern-Simons type ||I4| . In this paper, therefore, we 
intend to study possible implications of a Chern-Simons-like term for the quantization 
of Abelian gauge fields, focusing on the issues of unitarity and causality. 
We start from the following Lagrangian density: 

C{x) = -\ F^{x) F>»{x) - \ T 1 {n^{x)f + £ cs _iikc(x) , (1.1) 

with the Chern-Simons-like term 

£cs-iike(z) = \mk il e^A v {x)F pry {x) , (1.2) 

in terms of the Abelian gauge potential A p {x) and field strength tensor F^ v (x) = d^A u (x) 
— d u A ll {x). The spacetime metric is taken to have Lorentzian signature (— , +, +, +) 
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and e^vpa is the completely antisymmetric Levi-Civita symbol, normalized to eoi23 = +1- 
(Our conventions, with H — c — 1, will be given in more detail later on.) 

The Abelian Chern-Simons-like term (|1.2|) is characterized by a real mass parameter 
m and a real symmetry-breaking "vector" k^ of unit length, which may be spacelike 
(k 2 = +1) or timelike (k 2 = — 1) but is fixed once and for all (hence, the quotation marks 
around the word vector). Strictly speaking, k^ can also be "lightlike" {k 2 = 0), but the 
present paper considers only the extreme cases, spacelike or timelike k^. As long as k^ 
and m ^ are fixed external parameters (coupling constants), both Lorentz and CPT 
invariance are broken, but translation invariance still holds. Note that the Lagrangian 
term ( |1.2| ) is called Chern-Simons-like, because a genuine topological Chern-Simons term 
exists only in an odd number of dimensions [I3|. 

For later convenience, we have added a gauge-fixing term to the Lagrangian (|1.1|) , 
where determines the axial gauge condition and £ is a gauge parameter. Choosing an 
axial gauge, which selects a particular direction n^, seems natural because the "vector" 
k^, already selects a preferred direction. In other words, there is no compelling reason to 
prefer Lorentz-covariant gauge choices over noncovariant ones, cf. Ref. [IHj]. 

The Lagrangian (|1.1|) is Abelian and, therefore, describes a photon-like gauge field. 
But Eq. ( |1 . 1| ) may as well be interpreted as one component of the quadratic part of a non- 
Abelian Lagrangian. The discussion that follows is, in principle, also relevant for Lorentz- 
and CPT-symmetry breaking in a no n- Abelian context. Still, the issue of locality may be 
more subtle for the non- Abelian case due to gauge invariance, as discussed in Section 4 
of Ref. ||. 

Let us now give in more detail the reasons for studying the Maxwell-Chern-Si- 
mons theory ( [Lip , with broken Lorentz and CPT symmetry. First, a nonzero mass scale 
m may be introduced by hand as a symmetry-breaking parameter. Possible physical con- 
sequences and experimental bounds on the value of m may be studied, as was done in Ref. 
0, under the assumption that the Lagrangian ( |1.1|) describes the photon. Recently, it has 
also been claimed [[RJ that certain astronomical observations indicate a nonzero value of 
m for the case of a spacelike Chern-Simons parameter k^, but this claim is apparently 
not substantiated by more accurate data (see Ref. []17 and references therein). 

Second, the symmetry-breaking term in the Lagrangian (|1.1|) may be thought of as 
being part of the effective action which results from integrating out the fermionic matter 
fields. Here, the source of the symmetry breaking might be an explicit symmetry-breaking 
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term in the fermionic matter sector 1|10|| . Alternatively, the symmetry-breaking term 
in the effective action might be traced to a quantum anomaly which occurs when Weyl 
fermions in suitable representations are quantized on a nonsimply connected spacetime 
manifold (e.g. 1R 3 x S 1 ). This CPT anomaly was discovered and described in Ref. |4]], 
where the precise conditions for its occurrence can be found. In this case, the experimen- 
tally required smallness of m for photons is naturally accounted for, because the mass 
scale m is inversely proportional to the linear extension (L) of the universe in the compact 
direction, 

"iCPT anomaly ~ Q< fr, (L c)^ 1 , (1.3) 

with a the fine-structure constant and the dependence on h and c made explicit. For L ~ 
1.5 10 10 lightyears, this mass scale corresponds to 10~ 35 eV, which might be within reach 
of future astronomical observations (this point will be discussed further in Section 6). 

Third, the Lagrangian (|1 . 1| ) may be interpreted as the quadratic gauge field part of 
a low-energy effective action of a truly fundamental theory, which could, for example, 
replace point-particles by superstrings, cf. Ref. ||. 

Our paper is organized as follows. In Section 2, we focus on the classical aspects of 
the Maxwell-Chern-Simons theory (|1 . 1|) and discuss the resulting dispersion relations 
and causality behaviour. This turns out to be rather different for spacelike and timelike 
Chern-Simons parameter k^. In Section 3, the Feynman propagator for the Lagrangian 
( |1 . 1[ ) is calculated both for Minkowskian and Euclidean spacetime. Again, the cases of 
"spacelike" and "timelike" k^ have to be discussed separately. In Section 4, we address 
the related issue of reflection positivity for the Euclidean theory corresponding to Eq. 
( |1.1| ), which also depends on the type of parameter k^. In Section 5, we determine the 
field commutators of the quantum field theory based on Eq. ( |1 . 1| ) , first for a purely 
spacelike k^. We find that the usual microcausality holds for this case, which is perhaps 
the most important result of this paper. (Some details of our calculation are relegated 
to Appendix A.) On the other hand, unitarity and microcausality cannot be maintained 
simultaneously for a timelike k^. In Section 6, finally, we summarize our results and briefly 
discuss possible applications and open questions. The present paper is, by necessity, quite 
technical and the general reader may wish to concentrate on Sects. 2 and 6. 



3 



2 Dispersion relations 



As a first step we discuss the dispersion relations which result from the Lagrangian ( 1.1 
without the gauge fixing term and investigate the implications for the causal behaviour 
of the classical theory. Throughout this section, we take the spacetime manifold M = M. 4 
and Minkowskian spacetime metric g pv = diag (—1, 1, 1, 1), with indices running over 0, 
1, 2, 3. 

The Lagrangian (|1.1|) then leads to the following dispersion relation for the gauge 
fields @: 

p A + m 2 {k 2 p 2 - (k ■ p) 2 ) = , (2.1) 

for momentum p p = (p , Px,pz, ps) and c = 1.Q Due to the breaking of Lorentz invariance, 
there exist preferred coordinate systems. A particular preferred coordinate system for 
spacelike Chern-Simons parameter k p is one in which k p is purely spacelike (ko = 0), 
which we shall choose in the sequel. 

Let us discuss this last point in somewhat more detail (see also Ref. 0). As mentioned 
in the Introduction, the Chern-Simons parameters k p are considered to be fixed coupling 
constants (four real numbers) belonging to a particular coordinate system. For localized 
gauge fields (that is, A^x) = for \x\ > R), one can nevertheless make a Lorentz 
transformation x M — > x'^ = A M A x x + a tl , so that the Chern-Simons-like term ( |1.2|) changes 
into 

| m k^ A\ e^A v {x')F pa {x') = \mk' x e Xv f>° A v {x')F pa {x') . (2.2) 

The new reference frame (with coordinates x'^) thus has its own Chern-Simons parame- 
ters k' , determined by the old k p and the Lorentz parameters for the change of frame. It is, 
however, not at all obvious that this change of fc M parameters is unitarily implementable 
for the quantum theory. The quantization of the Maxwell-Chern-Simons theory (|1.1| ) is, 
therefore, considered rather explicitly in the following sections. For now, we continue our 
discussion of the classical dispersion relation. 

3 For the moment, the velocity parameter c is only used to define the Minkowski spacetime coordinates 
(x° = ct, x 1 , x 2 , x 3 ). As will become clear later, c corresponds to the front velocity of light propagation 
in vacuo for the electromagnetic theory based on the Lagrangian (1.1) with a spacelike parameter fc^. 
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For a purely spacelike Chern-Simons parameter = (0,k) with \k\ 2 = 1, Eq. ( 2.1 
is a quadratic equation in p%, with the following solutions: 



p 2 = |p] 2 + | m 2 ±i m ^/ m 2 + 4{p-k) 2 . (2.3) 

Apparently, there are two very different degrees of freedom, especially towards the infrared 
(|p| ^ fin). (The identification of these two degrees of freedom with circular polarization 
modes depends on the sign of p • k, cf. Eq. (26) of Ref. ||.) For directions p perpendi- 
cular to k, Eq. ( p.3[ ) effectively describes one massive degree of freedom with mass m, 
corresponding to the plus sign, and one massless degree of freedom, corresponding to the 
minus sign. In the p direction parallel to k, both the massive and the massless dispersion 
relations get distorted. However, both degrees of freedom may still be separated into 
positive and negative frequency parts, as is obvious from Eq. (|2.3|). In Fig. 1 we plot the 
dispersion relation ( |2.3| ) restricted to the (po,P3) plane, where k^ is assumed to point 
into the x 3 direction as well. The separation into positive and negative frequency parts 
is clearly seen in Fig. 1. 

Without loss of generality we now assume that k^ points into the x 3 direction, i.e. 
kfi = (0, 0, 0, 1). The dispersion relations for the two degrees of freedom then read 

pl = ujl=p\+pl + ul, (2.4) 

with 



u± = | JApl + m 2 ±m) . (2.5) 



Consider, for simplicity, the case of p\ = pi = andp3 > 0. Then, the dispersion relations 
Po = <^± l ea, d t° the phase velocities 



, = u± = ygg + m 2 ±m 
ph 2p 



and group velocity 

du± 2p 3 



dp 3 y/4j% + 



m 



< 1 • (2.7) 



For the case considered and m^O, both velocities approach 1 in the limit p 3 — > oo. More 
generally, the front velocity Vf = lim^^oo \v ph \, which is relevant for signal propagation 
||18||, has the same value 1 in all directions (recall that c = 1 in our units). 
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This classical reasoning already indicates that the causal structure of the theory re- 
mains unaffected by the additional CPT- violating term in Eq. ( |1.1[ ), at least for the 
case k^ = (0,0,0, 1). In Section 5.1, we shall find further evidence for this statement by 
calculating the commutators of the quantized fields. 

Before closing this section, we want to contrast the discussion above with that for the 
case of a timelike Chern-Simons parameter k^, which has already been studied in detail 
by the authors of Ref. ||. Here, a particular preferred coordinate system is one where 
k^ is purely timelike, k^ = (1, 0, 0, 0), which we assume in the following. Again, Eq. (|01 ) 
leads to a quadratic equation in with the solutions 

p 2 = ul = \p\ 2 ±m\p\. (2.8) 

(These two degrees of freedom correspond to circular polarization modes, cf. Eq. (26) 
of Ref. 0.) The dispersion relation Q2.8|) is plotted in Fig. 2. It is obvious that there is 
no separation into positive and negative frequency parts.Q Worse, the energy becomes 
imaginary at low momenta \p\ < m for the minus sign in Eq. ( |2.8| ). In addition, the group 
velocities of both degrees of freedom may become arbitrarily large. For the minus sign in 
Eq. ( |2.8|) , one has, for example, 

duj_ = 2\p\-m 

d\p\ 2^\p\ 2 -m\p\ ' 

which is singular at \p\ = m. These results indicate that the case of timelike Chern-Si- 
mons parameter k^ is rather different from the case of spacelike k^ and does not allow 
for quantization. In the next section, we shall find further evidence for this statement by 
investigating the Feynman propagator. 

3 Feynman propagator in a general axial gauge 

We now consider the Feynman propagator which may be formally derived from the La- 
grangian ( |1 . 1| ) , and investigate what may be inferred for the possible quantization of the 
theory. 

The action corresponding to Eq. (|1 . 1|) can be re-expressed as follows: 



5=| / ^xA^{g^U-d^d u -{l/i)n^n v -me^^kpd^A,, (3.1) 



4 This fundamental difference of the Maxwell-Chern-Simons theory (1.1) for the case of, say, = 
(1, 0, 0, 0) and fc M = (0, 0, 0, 1) traces back to our fixed choice of the time coordinate, namely x° = ct. 
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so that the inverse propagator in momentum space becomes 

(p) = -p 2 g» v + p»p v - (1/0 raV - i m e^kpPa . (3.2) 

The corresponding propagator, which obeys (G^^G^a = — <^> reads 

^ / £p 2 + n 2 + (m 2 /p 2 )(k ■ n) 2 + £m 2 k 2 — l;(m 2 /p 2 )(k ■ p) 2 
Gy\{p) = [g v \-\ 7 ^ PvV\ 

1 . . m 2 , m 2 (k ■ n) , 7 , . 
(p^A + ?VPa) + —7 k^&a ^7 r Qo^a + «^Pa) 



(p ■ n) ' p 2 p 2 (p ■ n) 



+ i m e, AQ/3 f: \ p a n (i - k a n p ))K, (3.3) 

\p VP ■ n) yp ■ n) 



with 



p 2 

K = p 4 + m 2 [k 2 p 2 - (k ■ p) 2 ) ' ^ 

(Note that the equivalent propagator in a covariant gauge has already been computed in 
Ref. [0.) 

Up till now, the calculation of the propagator was formal and purely algebraic. We did 
not discuss the pole structure, nor even define whether we are in Minkowski or Euclidean 
spacetime.0 A systematic treatment can be given for the spurious singularities related to 
the axial gauge vector n M (see, for example, Ref. [PHH), and we ignore these singularities 
in the following. Instead, we focus on the pole structure of the propagator function K 
as given by Eq. (|3.4p. For clarity, we relabel our previous Chern-Simons parameter in 



Minkowski spacetime as hzf and use k^ in Euclidean space. 

First, let us discuss the case of a purely spacelike = (0,0,0,1), with index /x 
running over 0, 1, 2, 3. For Minkowski spacetime with metric signature (— , +, +, +), we 
get 

-pi + \p\ 2 



K 



(Po - \PV ~f- f ^T^pA + ie) (p 2 - |£|2 _ s£ + m^ m2 + 4p 2 + 



(3-5) 

5 The classical Euclidean theory is derived from Eq. ([hi]) by rotating both a; and k° to the imaginary 
axis. (See Ref. p^] for a general discussion of Euclidean field theories.) An alternative Euclidean theory 
could perhaps be defined by keeping k° absolutely fixed, but this is not what has been discussed in, for 
example, Refs. @, |j. 
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where both poles are displaced with the help of the usual Feynman ie prescription (e = 
+ ), cf. Refs. [TIT], For Euclidean space with metric signature (+, +, +, +) and indices 
running over 4, 1, 2, 3, we find instead 

K = ? tipf . . (3.6) 

[A + IpT + "4 + f^ + ^j [A + W + 4- f\/"» 2 + 4 Pl) 

The poles from both factors in the denominator are placed on the positive and negative 
imaginary axis of the complex p^ plane. A Wick rotation [^l], [E| to Minkowski spacetime 



can be performed and leads to the ie prescription ( |3.5| ) for the Feynman propagator 
of both degrees of freedom. Hence, the propagator is well-behaved, at least for the case 
of a purely spacelike Chern-Simons parameter. 

For a purely timelike fcjf = (1, 0, 0, 0) in Minkowski spacetime, with index fi running 
over 0, 1, 2, 3, we obtain 



K 



(Po - W + m \v\) (Po - W ~ m \p\) 

(3.7) 



2{p 2 - \p\ 2 + m\p\) 2(p 2 - \p\ 2 -m\p\) ' 

For low momenta \p\ < m, the poles in the first term are placed on the imaginary po axis, 
which means that the energy becomes imaginary. This, in turn, implies that unitarity 
is violated already at tree level, i.e. for the free theory ( |1 . 1|) . The region \p\ < m has, 
therefore, to be excluded for this degree of freedom. (The situation is similar to the case 
of a tachyon field with dispersion relation p\— |p| 2 + m 2 = 0, where the region \p\ < m 
has to be excluded in order to maintain unitarity of the quantum field theory at tree 



level. See, for example, the discussion in Refs. fl23| , |24|.) But we shall find in Section 5.2 
that exclusion of the region \p\ < m leads to a violation of microcausality. 

If we now assume a purely "timelike" = (1, 0, 0, 0) in Euclidean space, with index 
/i running over 4, 1, 2, 3, the function K becomes 

K = v\ + IpI 2 

(pi + \p\ 2 + im\p\) (pi + \p\ 2 - im\p\) 

_ _l g\ 

2(pj + \p\ 2 + im\p\) 2(pj + \p\ 2 - im\p\) ' 

Here, the poles of the first (second) term are placed in the second and fourth (first and 
third) quadrants of the complex p 4 plane. In order to determine the behaviour of the 
propagator (^.8|) under a Wick rotation to Minkowski space, we have to remember that 
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according to our prescription we have to rotate k± as well. This makes that the poles 
of Eq. ( ^.8[ ) move under Wick rotation. For sufficiently small \p\, two poles will, in fact, 
move to the real axis and, therefore, cross the Wick-rotated praxis. In short, the analytic 
behaviour of the propagator is problematic for the case of a purely timelike Chern-Si- 
mons parameter. 

For spacelike in Minkowski spacetime, we have used up till now a special coordinate 
system in which is purely spacelike, that is, k Q = exactly. Let us, finally, relax 
this condition and investigate what happens if we allow for k ^ 0. In general, the 
four roots of the denominator of Eq. ( |3.4|) are rather complicated. We shall, therefore, 
make some simplifying assumptions. By choosing k\ = k 2 = 0, we can restrict ourselves 
to the plane Pi = P2 = 0. Also, we choose units of energy and momentum such that 
k^ = mk^ = (k , 0,0,1). With these assumptions, we still find four real roots p = r iy 
i = 1 ... 4, as long as \ko\ < 1- 

With the same simplifications, we find in Euclidean space the following four roots 
Pi = 1h i = 1 • • • 4, for the denominator of Eq. ( |3.4| ): 

9i = ~ U - \/ 1 + 4ifc4p 3 + 4p§^ , q 2 = q{ , 

qz= l -(l + \J 1 + 4^ 4 p 3 + 4?J) , g 4 = q* 3 • (3.9) 

For A; 4 ^ 0, qi and q 3 have nonzero real parts of opposite sign (Regi = — Reg 3 ) and the 
four poles of Eq. (|3.4j) are placed in all four quadrants of the complex p 4 plane. Under a 
Wick rotation, with fc 4 rotated as well, all four poles ( |3.9|) move towards the imaginary 
axis together with p 4 (as long "spacelike," |& 4 | < 1), and a Wick rotation may 

be performed without crossing poles in the complex p 4 plane. Hence, the propagator is 
well-behaved, provided the Chern-Simons parameter is spacelike. 

This completes our elementary discussion of the Feynman propagator for the Maxwell- 
Chern-Simons theory ( |1.1|) . In the next section, we will study the Euclidean propagator 
in somewhat more detail. 

4 Reflection positivity 

An important condition for the quantization of a field theory in the Euclidean formulation 
is reflection positivity |^5J |20fl . This condition is essential for establishing the existence 
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of a positive semi-definite self-adjoint Hamiltonian H in Minkowski spacetime, with the 
corresponding unitary time evolution operator exp(— iHt). 

The reflection positivity condition for an Euclidean two-point function is simply 

(6 (0(x 4 ,f)) 0(x 4 ,f)) > , (4.1) 

where x 4 is the Euclidean time coordinate, <f>(x 4 ,x) a scalar field of the theory, and 
: <f)(x 4 , x) — > x A ,x) the reflection operation. Reflection positivity then gives the 
following inequality for the scalar Euclidean propagator function G(p4,p): 

//*oo i* 
d 3 p J dp 4 e~ ip4x4 G(p 4 ,p) = J d 3 p G(x A ,p) > , (4.2) 

for arbitrary values of x A . By choosing suitable smearing functions, it is even possible 
to derive the stronger condition G(x 4 ,p) > 0, but for our purpose the condition (|4.2| ) 
suffices. 

For the gauge-invariant degrees of freedom of the Maxwell-Chern-Simons theory Q , 
it turns out to be sufficient to check the issue of reflection positivity for the Euclidean 
propagator function K (as introduced in Eq. ( |3.3| ) above), thereby effectively reducing 
the problem to the investigation of a scalar two-point function. Concretely, we then have 
to verify whether or not the inequality Q4.2| ) holds for our propagator function K(p4,p). 

For the case of purely "spacelike" k^ = (0, 0, 0, 1), with index /i running over 4, 1, 2, 
3, the function K(p4,p) is given by Eq. (|3~6|) and we get 

p\ + \p\ 2 



K(x ,p) = / dp 4 e 



OO 



(pl + ul) (pI + uj 2 _) 



TT 1- 7T 

U)% — UJ_ UJ+UJ- col — UJ_ 



* — — .. ,,,2 t,2X » ( 4 - 3 ) 



(|p1 2 - cu 2 ) ^ + e- w -l a ' 4 l + {uj\ - |p1 2 ) ^_e-+l x ' 4 l 
cj + u;_(a;+ — uj 2 

where Eqs. (3.728.1) and (3.728.3) of Ref. |26j have been used to evaluate the integral 
and the frequencies uj± are defined in Eq. (|2.4j) . This expression is manifestly positive 
semi-definite, since u;_ < \p\ < u + , and reflection positivity ( |4.2| ) holds. 

For the case of purely "timelike" = (1,0,0,0), the function K{p^p) is given by 
Eq. Q3.8|) and we get 

* + °° p\ + w 



/+oo 
dp4 e 
-co 



p\ + 2p\\p\ 2 + \p\* + m 2 \p\ 2 



oo 

oo 2 i I ^1 2 
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with 

cos 2a = \p\ 2 /b 2 , b 2 = \p\ ^/\p\ 2 + m 2 . 

The integration over p 4 can be performed explicitly and we obtain, using Eqs. (3.733.1) 
and (3.733.3) of Ref. || 



,...>_ Mj /'sin [a — |x 4 | osinal |»| 2 sin [a + |x 4 | 6 sin a 
K(x 4 ,p) = vrexp(-|x 4 |6cosa) 1 , ' s - + lFl 1 



b sin 2a b 2 b sin 2a 

= 7r exp(— |x 4 | 6cosa) cos[a + |x 4 | 6sina]/6 . (4-5) 

Clearly, this expression is not positive semi-definite (as long as m ^ 0) and numerical 
integration over p shows reflection positivity (|4.2|) to be violated for large enough values 
of m|x 4 |. The different behaviour of, respectively, Eqs. fl4.3| ) and (|4.5|) is caused by the 
different pole structure in Eqs. ( |3.6| ) and fl3.8|), which was also the crux of the previous 
section. 



5 Microcausality 

Having dealt with unitarity, we continue our investigation of the hypothetical quantum 
field theory based on the Lagrangian ( |1 . 1| ) and focus on the issue of causality. Minkowskian 
conventions, with metric signature (— , +, +, +) and indices running over 0, 1, 2, 3, are 
assumed throughout this section and the units are such that c = h = 1. 

5.1 Purely spacelike C hern— Simons parameter 

Let us, again, start with the case of a purely spacelike "vector" fc M = (0, k). We prefer 
to use a physical gauge condition, in order to avoid the problem of constructing the 
subspace of physical states. Furthermore, we will try to connect to the well-known results 



of Quantum Electrodynamics, i.e. the Lagrangian fll.l ) for m — 0. We, therefore, switch 
from the general axial gauge to the Coulomb gauge, d ■ A = 0, cf. Refs. |2"7fl . 
The resulting commutator for the gauge field A(x°, x) is then given by 

[A(zM,-(0)] = iT ij {-id ,-id)D{x) , (5.1) 

with the commutator function 

r r pip x°+ip-x 

D(x) = (2tt)- 4 J> d Po / d 3 p j— ^ , (5.2) 

Jc J (p 2 ) 2 + m 2 (p 2 \k\ 2 ~(p-k) 2 j 
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for an integration contour C that encircles all four poles of the integrand in the counter- 
clockwise direction, cf. Appendix Al of Ref. [J28| . The denominator of Eq. ( |5.2| ) is given 
by the dispersion relation ( |2.1|) for purely spacelike Chern-Simons parameter k^. The 
"tensor" on the right-hand side of the commutation relation ( |5.1|) is found to be given 
by 

Tij (p , P) = (Po ~ \p\ 2 ) - m 2 s i: j + impo Oy , (5.3) 

with 



- - P > (5-4) 



, , Pi i Pi , P-k , 

= Qja^a + j^p ejabPakb - e iab p a k b = — — €ijlPl . (5.6) 



One immediately verifies that the commutator (|5.1| ) respects the Coulomb gauge, since 
Pi = and pj = 0. Further details on the derivation of this commutation relation 
can be found in Appendix A. 

Microcausality (i.e. the commutativity of local observables with spacelike separations, 
cf. Refs. p|, §§) holds, provided that: 

1. the commutator function D(x) vanishes for spacelike separations \x°\ < \x\, and 

2. the poles of the type \p\~ 2 which occur in the "tensor" are absent in the com- 
mutators of physical, gauge-invariant fields (i.e. the electric and magnetic fields). 

In our case, the commutators of the electric field E = d$A — dA and magnetic field 
B = d x A are found to be the following (see Appendix A for details): 



[E t (x), EjiO)] = ((d 2 - d 2 )(5 l3 dl - didj) + m 2 d 2 k i k j 

-mdltijih - md (die jab d a k b - djei ab d a k b ) ) % D(x) , (5.7) 



[Ei(x),B s (0)] = [{d 2 -d 2 )e l3l d l d + m 2 d k l e ]ab d a k b 

+md 2 (k ■ d)5ij - m(k ■ d)d l d j - m(d 2 - d^dikj ) i D(x) , (5. 
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[^(x), £,-(())] = ((<9 2 - d 2 )(5 l3 d 2 - didj) + m 2 {5 l3 (d 2 \k\ 2 - (k ■ d) 2 ) - \k\ 2 didj 

-kikjd 2 + (dikj + kidj){k -d)}- md (k ■ d)e ijl d^\ iD(x) . (5.9) 



Remark that poles of the type |p| -2 , which could spoil causality, are indeed absent in 
these commutators of physical field operators. In addition, we recover the Jordan-Pauli 
commutators of Quantum Electrodynamics |^7] in the limit m —>■ (remember that our 



D(x) for m — > obeys the massless Klein-Gordon equation squared, ODD = 0). 

We still have to discuss the commutator function ( |5.2| ). Henceforth, we assume that 
k points into the 3 direction, k = (0, 0, 1). We first observe that ( |5.2|) vanishes for equal 
times (x° = 0), because of the symmetry in p of the integrand (|5.2| ), which results in 
a cancellation of the residues (compare Eq. (|5.10 ) for x° = below). The commutator 



function is also zero for (x ) 2 < (x 1 ) 2 + {x 2 ) 2 , because the integrand can be made to 
be symmetric in a new variable p' Q , which is related to po by a conventional Lorentz 
boost involving only p , pi, and p2- We will now show that the commutator function 
D(x) vanishes, in fact, over the whole spacelike region \x°\ < \x\. The reader who is not 
interested in the details may skip the rest of this subsection. 

For (x ) 2 > (x 1 ) 2 + (x 2 ) 2 , it is still useful to perform a Lorentz transformation involving 
only pq, pi and P2, because there exists a transformation which allows us to rewrite Eq. 
(PD as 

e ipQX°+ip 3 x 3 



D(aP, x 3 ) = (2tt)- 4 <b dp / d 3 p 

JC J (p2)2 + m 2 r 



(27T)- 4 <b d P0 I d 3 P ; , (5.10) 



c 



with 




x ) 2 - (x 1 ) 2 - (x 2 ) 2 



(x ) 2 



(p - UJ+)(p + U + )(p - U-)(p + U3-) 



x° . (5.11) 



(For (x ) 2 < (x 1 ) 2 + (x 2 ) 2 , we can effectively set x° = 0.) The contour integral is readily 
performed, 

D(x , x ) = 2vr 3 / d 3 p e tp3X —— 2 ^ 1 2 2^ > 512 

with the roots u± explicitly given by Eq. ( |2.4| ). The integral ( |5.12| ) obviously vanishes for 
x° = (as long as x 3 7^ 0), and we are interested in determining its behavior for other 
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values of x°. We will start by demonstrating that D(x°,x 3 ) at the time slice x° = is 
ultra-local in a; 3 , i.e. d~ D(x°, x 3 )| 2 o =0 is a sum of derivatives of the delta function 5(x 3 ). 
If n is even, then d~ D(x°, x 3 )\^o =0 is obviously zero. If n = 21 + 1 is odd, then one 

has 

^D(3?,x% _ = (-l)^(2irr 3 [ d 3 pe^ 3 ^ - ^ . (5.13) 

Two remarks are in order. First, the fraction in the integrand is, in fact, a polynomial in 
uj\ and uP_, namely 



Ud Y " ' {ujD 1 - 1 + K)'- 2 u;_ + . . . + u;>* )'- 2 + (c 2 = P a _ 2 . ( 5.14) 



Second, if we temporarily re-express u; 2 ^ as 

t4 = a±6, (5.15) 
where a is a polynomial in the momenta p and b is the square-root of a polynomial, then 



the above polynomial ( 5.14 ) only depends on even powers of b, P21-2 = P2Z-2(«, & 2 )- The 
last observation follows from the simple fact that P21-2 is invariant under the interchange 
uP\ <-> c<j 2 . These two remarks make clear that P2/-2 is a polynomial in the momenta p±, 
P2, and, especially, ps, which implies ultra-locality. 

The finite domain of vanishing D may be determined by a direct evaluation of the 
integral (|5.12|) . The end result of a straightforward calculation is that 

D(x°,x 3 ) = 0, for < |x 3 | , (5.16) 

which corresponds to the usual spacelike region (x ) 2 < (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 , see Eq. 
Q5.ll ) above. The calculation proceeds in three steps. 

First, one notes that the factors (cj^ — uj 2 _ ) in the denominators of ( |5.12|) are indepen- 
dent of pi and P2, so that these integrals can be readily performed for x° ^ 0, 



D ^ - -^L dP3 e '°" g-g " • (5 - 17) 



where the u± = co>±| p 2 +p 2 =0 are given by Eq. (|2.5|) . (To arrive at Eq. (|5.17|) we have 
dropped the contribution at p\ + pf, = 00, which corresponds to a rapidly oscillating 
function of x° that vanishes upon integration.) Note that the Taylor expansion of the 
integrand of ( |5.17 ) in powers of x° has precisely the polynomials ( |5.14| ) as coefficients, 
but now in terms of u± . 
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Second, we replace the variable by 0, which is defined as follows 



p 3 = lmsinh0, \ p\ + \m 2 = |mcosh0 . (5.18) 



This change of variables eliminates the denominator (Cj\ — uj 2 ,) in (|5.17|) , so that only 



exponentials remain in the integrand. (The same procedure is followed in Section 15.1 of 
Ref. [E9l for the standard commutator function of massive scalars.) The result is then 



D(x^,x d ) = ^— r / d0e* P3a; (cosw+F - cosu5_x°) , (5.19) 



with p 3 and u± defined in terms of 0. 

Third, the integral over can be evaluated, taking care of the relative signs and 
magnitudes of x° and X3. For the case of < x° < x 3 , we write 



x =va; 2 sinh0o, x = v x 2 cosh O . (5.20) 
Defining /i = |mV?, the integral in ( |5.19|) becomes after a simple manipulation 



d0 (zsin[/isinh0o]) (e iAiSinh( ^ o) -e^ sinh( ^ o) ) . (5.21) 

The first factor in brackets is a constant which can be taken out of the integral. But 
the remaining integral of the second factor in brackets vanishes trivially (in the second 
term shift — > + 20o). Since the integral (|5.19| ) is even in both x° and x 3 , and the 
original commutator function D as given by Eq. (|5.12|) manifestly vanishes for x° = 0, 
this establishes the result ( |5.16|) announced above. 



It may also be instructive to see what happens for the case of, say, < x 3 < x°. 
Defining 



x° = V— x 2 cosh 0o , x 3 = V— x 2 sinh O , (5.22) 
one now gets for the integral in Eq. (|5.19|) 



/oo 
d0 (isin [/icosh0 o ]) (e iflcosh ^ +M - e -v*«*h(*-*>)) ; (5.23) 
-00 



with /1 = imV-1 2 . Taking out the constant factor and making a change of variables 
— > + 20 o for the second term, one obtains 



"OO 

^ e ificosh(</>+(f>o) _ e -ifJ.cosh((f>+if> )^ ^ 



-00 
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which need not vanish. Using Eq. (8.421) of Ref. the integral ( |5. 24 ) gives 2mJo (/x) 



where the Bessel function Jq (/i) is, in general, nonzero. All together, one has 

£>(x°, x 3 ) = -L e(5°) g^lgg) j Q C I mv /Z^A , f or |20| > | x 3| (5 _25) 

where the antisymmetry in x° has been made explicit .0 For fixed timelike separation x' 1 
and Chern-Simons mass scale m — > 0, the commutator function approaches a constant 
value ±(87r) _1 . (Remark that derivatives operating on D will result in further singularities 
on the null-cone x 2 = 0.) This completes our discussion of the gauge field commutator 
Q5.1|) for the case of a purely spacelike Chern-Simons parameter = (0,0,0,1), with 
microcausality established. 

5.2 Purely timelike Chern-Simons parameter 

Let us, briefly, discuss the commutator function for the case of a purely timelike "vector" 
kfj,. In this case there is no invariant separation of the dispersion relation into posi- 
tive and negative frequency parts (see Fig. 2). However, as Lorentz invariance is broken 
anyway, we may simply choose to quantize in the particular coordinate frame where 
k^ = (1,0,0,0). Specifically, we want to study the degree of freedom with dispersion re- 
lation Pq = \p\ 2 — m\p\. For this degree of freedom, the region \p\ < m has to be excluded 
in order to maintain unitarity, as was mentioned a few lines below Eq. (|3.7|) . The relevant 
commutator |E9fl is then 



[$(0),$(a;)] =iD{x) , (5.26) 

with $(x) the quantum field corresponding to this particular degree of freedom of the 
gauge field (recall that H — c — 1) and the commutator function 

D(x) = J d'p 5 (pi - \pf + m|p1) »m- m) e (p„) e"" 

Here, e(x) = xj\x\ and 9 is the usual step function, 9(x) = for x < and 9{x) = 1 

for x > 0. We will now demonstrate that microcausality is violated for this commutator 

function, i.e. D(x) ^ somewhere in the spacelike region \x°\ < \x\. 

6 The structure of our commutator function ( |5.25[) closely resembles the one obtained for a CPT- 
violating massive Dirac fermion, as given in Appendix E of the first paper in Ref. Q. Note, however, 
that in our case m sets the scale of the CPT violation for the photons. 
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If D(x) were to vanish for |a; | < \x\, this would imply that T>(x°, x 3 ) = J dx 1 dx 2 D(x) 
= for \x°\ < |a; 3 |. So, let us show that the latter relation is violated. If V(x°,x 3 ), in 
turn, were to vanish for \x°\ < \x 3 \, this would imply that doD(x°,x 3 )\ x o =0 had to be an 
ultra-local expression in a; 3 , but it can be easily checked that this is not the case. Indeed, 
we calculate 



d V(x°,x 3 



c°=0 



«9 n 



dp3 0(\P3 



m) 



2vr ^J\p 3 \ 2 - m \p 3 



sm 



\Z\p 3 \ 2 - m\pz\ x ( 



d ^ 3 an i ^ 
— 0(\p 3 \ -m)e 

Lix 



S(x 3 



sm mx 

TlX 3 



IE°=0 



(5.28) 



which can be nonzero for finite x 3 , as long asm / 0. (Recall that for purely spacelike 
hp = (0, 0, 0, 1) we have shown the ultra-locality of Eq. ( |5.13|) above.) For the case 



of a purely timelike Chern-Simons parameter k^, the commutator ( 5.26|) thus violates 
microcausality. 



6 Summary and discussion 

Lorentz- and CPT-violating field theories might emerge as low-energy effective theories 
of a more fundamental theory, where Lorentz and CPT symmetry are broken sponta- 
neously or dynamically 0. Alternatively, these symmetry-breaking theories might result 
from a quantum anomaly within the realm of quantum field theory itself [|J. In both 
instances, the question arises whether or not these Lorentz- and CPT-violating theories 
are valid quantum field theories, that is, whether or not a consistent quantization is pos- 
sible. For theories which contain an Abelian Chern-Simons-like term (|1.2j ), issues like 
power-counting renormalizability and conservation of energy-momentum have already 
been discussed in Ref. 0, where it was demonstrated that these features continue to 
hold. 

In this paper, we have focused on the issues of unitarity and causality for theories 
containing an Abelian Chern-Simons-like term (|1.2|) . The results found strongly depend 
on whether the preferred direction k^ of the Lagrangian term ( |1.2|) is spacelike or timelike. 

For a purely spacelike Chern-Simons parameter k^ = (0, k), our results are certainly 
encouraging for the issue of quantization. By investigating the dispersion relations we 
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have found in Section 2 that a universal, direction-independent signal propagation speed 
c can still be defined (in this paper, we have chosen units such that c = 1). In addition, 
the group velocity is less or equal to c. This suggests that the CPT- violating term in Eq. 
( [LID does not change the causal structure of spacetime, but rather acts like a medium 
with a direction-dependent dispersion for the field excitations (e.g. the photons). 

In fact, the anisotropic propagation of the circular polarization modes makes clear 
that the Abelian Chern-Simons-like term for purely spacelike = (0, k) is T-odd (and 
P- and C-even). According to the dispersion relation (|2.4j ) for Chern-Simons parameter 
k = (0,0,1), left-handed wave packets propagating in different directions along, say, 
the x 2 -axis (with an infinitesimal p3-component added) have unequal group velocities, 
I Vg(0,p2, Sp 3 )\ 7^ | Vg(0, —p2, — Sps)\, as long as m ^ 0. The physics is thus non-invariant 
under time reversal, which flips the momentum, p —>■ —p, and preserves the helicity, L — > 



L, cf. Ref. 122 



We have also found from the dispersion relations that a separation into positive and 
negative frequency modes is still possible for purely spacelike k^. Therefore, particles and 
antiparticles may be defined and the field may be quantized in the usual fashion [J27| - 
|29| . As shown in Section 5.1, the resulting commutators of the electric and magnetic 



fields vanish for spacelike separations, which demonstrates that micro causality holds for 
the potential quantum field theory based on the Lagrangian ( |1 . 1| ) . This result is not 



quite trivial. Recall, for example, that the CPT- violating theories of Ref. |Tj|, with self- 
conjugate bosons of odd-half-integer isospin, fail precisely in this respect, because certain 
fields do not commute outside the light-cone. The well-known result [[□]] that microcausal- 
ity, Lorentz invariance and the existence of a unique vacuum state imply CPT invariance 
does not contradict our result, because in the Lagrangian ( |1 . 1| ) Lorentz invariance is 
broken as well (k^ is fixed once and for all). 

In addition, we have demonstrated in Section 3 that a Feynman propagator for the 
relevant Lagrangian ( |1 . 1| ) can be defined in Minkowski spacetime with the usual ie pre- 
scription and that this propagator can be Wick-rotated to Euclidean space. As shown in 
Section 4, reflection positivity holds for the Euclidean Feynman propagator. Again, this 
requires the choice of a (purely) spacelike k^. 

For both a classical and a quantum treatment, the causal structure of the Max- 
well-Chern-Simons theory (|1 . 1|) thus remains unaltered by the inclusion of the CPT- 
violating term, provided that the Chern-Simons parameter k^ in Eq. Q1.2Q is spacelike. 
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This suggests that a CPT- and Lorentz-symmetry-violating theory like fll.lf) may lead 
to a consistent local quantum field theory. If so, the particular chiral gauge field theories 
discussed in Ref. @], which display the remarkable phenomenon of a CPT anomaly, could 
perhaps be realized in nature (see also the remarks below). 

On the other hand, a consistent quantization for a timelike Chern-Simons parameter 
kfj, does not seem to be possible. As noted in Section 3, the presence of imaginary energies 
at low momenta requires the exclusion of these momenta if unitarity is to be maintained.^ 
But we have seen in Section 5.2 that this exclusion leads to a violation of microcausality. 
It is, therefore, not possible to maintain both unitarity and causality. In fact, these results 
are just the quantum analogs of the results of Ref. |J. The authors of that paper have 
pointed out that the Green's functions of the classical equations of motion resulting from 
the Lagrangian (|1.1|) either are causal but with exponential growth in time, or without 
exponential growth but noncausal. For timelike there are no Green's functions that 
are both causal (i.e. propagating signals only into the future) and without exponential 
growth. As shown in Section 4 of this paper, reflection positivity in the Euclidean formu- 
lation is indeed violated for the Feynman propagator with Chern-Simons parameter k^ 
= (1,0,0,0). 

Hence, the Abelian Chern-Simons-like term ( p..2|) for timelike h^, which contains a P- 
odd (and C- and T-even) part, does not allow for a consistent quantization. It does appear, 
however, that a Chern-Simons-like term could play a role for T-violation (leaving C- and 
P-invariance intact), provided the parameter k^ is (purely) spacelike. Such a Chern-Si- 
mons-like term would, in fact, provide a "fundamental arrow-of-time," cf. Ref. HJ. (Recall 
the Gedankenexperiment with the left-handed wave packet presented at the beginning of 
this section.) This problem is currently under investigation. 

As briefly mentioned in Ref. M, the birefringence of a photonic Chern-Simons-like 
term (|1 . 2| ) with purely spacelike parameter k^ could also affect the polarization of the 
cosmic microwave background. The expected polarization pattern around tempera- 
ture hot- and cold-spots would be modified, due to the action of the Chern-Simons-like 
term on the photons traveling between the last-scattering surface (redshift z ~ 10 3 ) and 
the detector (z = 0). Future satellite experiments such as NASA's Microwave Anisotropy 
Probe and ESA's Planck Surveyor could look for this effect, see Ref. |3l[] for further 

7 Moreover, tachyon pair production would destabilize the perturbative vacuum state, see Section 4 
of Ref. ill. 
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details. 

Let us end this section with three somewhat more theoretical issues. The first issue 
concerns stability, which has been discussed recently for a theory of a massive Dirac 
fermion with (spontaneous) Lorentz and CPT breaking p2] . For the Maxwell-Chern-Si- 
mons theory fll.l|) , the photon is, of course, stable. This holds, in particular, for the case 
of purely spacelike Chern-Simons parameter k^. But even in the context of the CPT 
anomaly ||, with all chiral fermions integrated out, the effective action can be expected 
to have additional quartic (and higher-order) interaction terms for the photons. A rough 
estimate suggests an extremely small, but nonzero, effect for the decay of the photon, 
cf. Eq. ( |1.3| ). (The photons of the cosmic microwave background would not be affected 
significantly.) Whether or not photon decay is physically acceptable remains an open 
question, though. 

The second issue concerns the case of a "lightlike" Chern-Simons parameter k^, which 
has not been discussed so far. No imaginary energies appear for "lightlike" k^. There is, 
therefore, no obvious obstacle against quantization, as was the case for timelike Chern- 
Simons parameters. But explicit calculations of the type performed in Sects. 4 and 5 
are hampered by the complicated pole structure for the "lightlike" case. For the CPT 
anomaly, there may still be a problem with the "lightlike" theory, as will become clear 
shortly. 

The third, and final, issue concerns the possible implications of our microcausality 
results for the case of an anomalous origin of the Lagrangian (|1 . 1| ) considered here. As 
mentioned several times by now, it has been shown in Ref. [|J that certain chiral gauge 
field theories defined over the Euclidean spacetime manifold M = M 3 x S 1 , for example, 
could give rise to a CPT anomaly of the form of a Chern-Simons-like term ( |1.2| ), with an 
additional factor i for the Euclidean signature of the metric. (In the context of the CPT 
anomaly, the exponential of the integrated Euclidean Chern-Simons-like term appears 
as the phase factor of the chiral determinant, whereas the absolute value of the chiral 
determinant is CPT invariant.) In that case, the specific parameters of Eq. ( |1 . 2| ) would 
be m = (2n + 1) a/L and k^ = (0, 0, 0, 1), with the integer n defining the theory in the 
ultraviolet and the nonzero entry of k^ corresponding to the single compact dimension 
of length L. 

The microcausality results of the present paper then imply that this compact dimen- 
sion should correspond to a spatial direction after the Wick rotation to the Lorentzian 
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signature of the metric (x 3 G S 1 becoming a spatial coordinate and x 4 G K, say, the 
time coordinate). If, on the other hand, the compact dimension were to correspond to 
the time direction (x 4 G S 1 ), our results would lead us to expect problems with unitarity 
or causality. Indeed, we would then have started from a spacetime manifold with closed 
timelike curves, which has a built-in violation of what might be called "macrocausality," 
cf. Section 8.2 of Ref. |33|].0 Still, the proper fundamental theory (gauge fields and chiral 



fermions over a spacetime manifold with a separable compact dimension that is spacelike) 
and the corresponding effective theory (gauge fields with a Chern-Simons-like term for 
purely spacelike parameter k^) appear to be consistent as far as causality is concerned. 
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A Commutators for the Coulomb gauge 



In this appendix, we first discuss the equations of motion of the Lagrangian (|1 . 1| ) for 
purely spacelike Chern-Simons parameter = (0,k), but with the general axial gauge 
replaced by the Coulomb gauge d ■ A = 0. From these equations of motion, we then 
determine the "tensor" structure Ty of the gauge field commutator ([5.11). Finally, we 
calculate the commutators of the electric and magnetic fields. 

The equations of motion in momentum space are (with the conventions g^ v = diag 
(-1, 1, 1, 1), e i23 = em = 1, and using p ■ A = 0) 

(Po " \P\ 2 )9^A U - pfpoAo + %me^ pl A vVp h = . (A.l) 

This leads to a nondynamical equation for A Qj 



Tfl 

A Q = i — e abc A a p b k c , (A. 2) 

\W 



8 Anothcr spacetime manifold with closed timelike curves would be, for example, M = S 1 x IR 2 x 
S 1 , with periodic coordinates x 4 € [0, L4] and x 3 e [0, L3] and noncompact coordinates x x ,x 2 € K. The 
corresponding effective action could then contain a Chern-Simons-like term ( |l . 2| ) with parameter fc M oc 
(£4 , 0, 0, L3 1 ). For £4 = £3 exactly, the Chern-Simons parameter fc M would be "lightlike." Note also 



that the transformation of as given by Eq. (2.2) may not be applicable in general for this manifold 
(compare with Eq. (13) of Ref. [§). 
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and dynamical equations for 



M i3 A 3 EE 



—tmpo 



? - m 2 



\p\ 2 \k\ 2 - (p- kf 
W 



Pi , , 

|pj2 ^jabPa^b i ^-ija^a 



— m 2 %-r7r'Pik 3 - + m 2 kikj \ Aj — . (A. 3) 



The gauge field commutator ( p.l| ) will obey the equations of motion ( |A.3| ) provided 



that 



with 



MijTjkip) = ir ik D (p) 



(A.4) 



D-\p) = (p 2 ) 2 + m 2 (p 2 \k\ 2 - (p- fc) 2 ) . (A.5) 

(The tensor structure on the right-hand side of Eq. (|A.4|) could, in principle, be more 
complicated, but turns out to be just itik-) With some effort, it can be verified that ( |A.4j ) 
holds for the T i3 - as given by Eq. ([5.31). 

The magnetic fields then have the following commutator: 

[Bi,Bj](p) = i 2 e iab p a e jcd (-p c )T bd iD(p) = ((pi - \p\ 2 )(5ij\p\ 2 - PiPj) 

+imp (p- k)eijipi - m 2 {5 ij (\p\ 2 \k\ 2 - (p • k) 2 ) 

~PiPj\k\ 2 - kikj\p\ 2 + (pikj + kiPj)(p- iD(p) . 

The electric fields are more involved, 

E(x) = d A(x)-m J d?z^-\x~z)d z e abc k a d z b A c 

and one finds after some algebra the following commutators: 



fx , z) 



(A.6) 
(A.7) 



[Ei,Bs]{p) 



[E^E^p) 



(Po ~ \p\ 2 )tijiPiPo ~ m 2 p ki€ jab p a k b - implip- k)8 i3 
-im(p- k)piPj + im(pl - \p\ 2 )pik^ iD(p) , 

(Po - \p\ 2 ) 6 ijPo ~ (Po - \p\ 2 )PiPj 
-m 2 p 2 kikj + impleijih + imp (pi€ jab p a k b - p 3 e iab p a k b 
PiPj 



(A.i 



IpT 



{(IP? - PiY + ™ 2 ((\p\ 2 - pI)W - (P ■ k) 2 )} * D(p) . (A.9) 



Apparently, the electric field commutator contains a term with a \p\~ 2 pole. But this 
term is multiplied by precisely the function D~ 1 (p), which cancels the over-all factor 
D(p). Therefore, this term does not contribute to the contour integral ( |5.2[ ), and we 
reproduce the commutators ( p.7| ) - ( |5.9| ) as given in the main text. 
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Figure 1: The dispersion relation (|2.3| ) in the (po,P3) plane for a purely spacelike Chern- 
Simons parameter = (0, 0, 0, 1) and mass scale m, with broken (solid) curves corre- 
sponding to the plus (minus) sign in Eq. (|2.3| ). 
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Figure 2: The dispersion relation Q2.8|) in the (Repo, \p\) halfplane for a purely timelike 
Chern-Simons parameter = (1, 0, 0, 0) and mass scale m, with broken (solid) curves 
corresponding to the plus (minus) sign in Eq. ( |2.8| ). For the minus sign in Eq. ( |2.8[ ), the 
energy p becomes imaginary at low momenta \p\ < m. 
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